
Tutorial 3 MD308/MI 308

(1) Find the radius of 
onvergen
e of the following power series

(a)

∑∞
n=0(x+ 6)n.

(b)

∑∞
n=0

(x−3)n

10n
.

(
)

∑∞
n=0

xn

10nn
√
n
.

(d)

∑∞
n=0

nxn

4n(n2+1)
.

(e)

∑∞
n=0 x

n ln x.
(f)

∑∞
n=0(x+ 6)n.

(g)

∑∞
n=0

xn

n(lnx)2
.

(2) Find the singular point of the following ODE and spe
ify the singularity.

(a) x2y′′ + (x+ x3)y′ − 2y = 0.
(b) x2y′′ + (sin x)y′ − 2(cosx)y = 0.
(
) x2y′′ + (ex + x1/3)y′ + (x2 − n2)y = 0.
(d) x2y′′ + (x+ x3)y′ − 2y = 0.
(e) y′′ + (ln |x|)y′ + xy = 0.

(f) (x− 2) d
2y

dx2 + (cotπx) dy
dx

+ (csc2 πx)y = 0.
(g) x(1 + x2)y′′ + (cosx)y′ + (1− 3x+ x2)y = 0.
(h) xy′′ + exy′ + (cosx)y = 0.
(i) (x sin x)y′′ + 3y′ + 3xy = 0.

(3) Let y = φ(x) be a bounded solution of the equation (1−x2)y′′−2xy′+30y = 0. Find

the value of

∫ 1

−1
(1 + x3 + x5)φ(x)dx.

(4) Find the indi
ial equation for x(1 + x2)y′′ + (cos x)y′ + (1− 3x+ x2)y = 0.
(5) Find the power series solution of the following di�erential equations

(a) x(x+ 1)y′ − (2x+ 1)y = 0.
(b) (x+ 1)y′ + 2xy = 0.
(
) (1 + x2)y′′ − 4y = 0.
(d) (4 + x2)y′′ − 6xy′ + 8y = 0.
(e) y′′ + xy′ − y = 0.
(f) (2 + x2)y′′ − 2xy′ + 3y = 0, y(1) = 1, y′(1) = −1.

(6) Find the power series solution of the following di�erential equations

(a) 2xy′′ + y′ + xy = 0.
(b) 2x2y′′ + xy′ + x2y = 0.
(
) 2x2y′′ + xy′ + (x2 − 1)y = 0.
(d) x2y′′ + (x2 + 1/4)y = 0.

(7) Find the power series solution of the following di�erential equations

(a) (1− x2)y′′ − xy′ + p2y = 0, p ∈ R near the point x = ±1( Chebyshev equation).

(b) xy′′ + (1− x)y′ + py = 0, p ∈ R near the point x = 0(Lagurre equation).
(
) (1 − x2)y′′ − 2xy′ + p(p + 1)y = 0, p ∈ R near the point x = ±1 (Legendre

eqution).

(8) Determine whether the point at in�nity is an ordinary point, a regular point or an

irregular singular point.

(a) x2y′′ + xy′ + 2y = 0.
(b) y′′ − 2xy′ + py = 0.
(
) x2y′′ + xy′ + (x2 − p2)y = 0.
(d) (1− x2)y′′ − 2xy′ + p(p+ 1)y = 0.
(e) y′′ − xy = 0.

(9) Solve the Bessel's equation x2y′′ + xy′ + (x2 − p2)y = 0 for p = 0, 1
2
.

(10) Show that the Bessel's equation x2y′′ + xy′ + (x2 − 1
4
)y = 0 
an be transformed into

v′′ + v = 0 by the 
hange of variable y = x−1/2v(x). Con
lude that y1 = x−1/2 cos x
and y2 = x−1/2 sin x are solutions of the Bessel's equation of order

1
2
.
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